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ON THE CLASSIFICATION OF FOUR-DIMENSIONAL
GRADIENT RICCI SOLITONS
FEI YANG AND LIANGDI ZHANG
Abstract. In this paper, we prove some classification results for four-dimensional
gradient Ricci solitons. For a four-dimensional gradient shrinking Ricci soli-
ton with div4Rm± = 0, we show that it is either Einstein or a finite quo-
tient of R4, S2 × R2 or S3 × R. The same result can be obtained under
the condition of div4W± = 0. We also present some classification results of
four-dimensional complete non-compact gradient expanding Ricci soliton with
non-negative Ricci curvature and gradient steady Ricci solitons under certain
curvature conditions.
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1. Introduction
A complete Riemannian manifold (Mn, g, f) is called a gradient Ricci soliton
if there exists a smooth function f on Mn such that the Ricci tensor Ric of the
metric g satisfies the equation
Ric+∇2f = λg. (1.1)
for some constant λ. For λ > 0 the Ricci soliton is shrinking, for λ = 0 it
is steady and for λ < 0 expanding. By scaling the metric g, one customarily
assumes λ ∈ {12 , 0,−
1
2}.
The classification of gradient Ricci solitons has been a subject of interest for
many people in recent years. Z. H. Zhang[20] showed that an n-dimensional
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gradient Ricci shrinking soliton with vanishing Weyl twnsor is a finite quotient of
R
n, Sn−1×R, or Sn (see also the works of M. Eminenti-G. La Nave-C. Mantegazza
[12], X. Cao-B. Wang-Z. Zhang [7] and P. Peterson-W. Wylie[17]). Under the
weaker condition of harmonic Weyl tensor, M. Ferna´ndez-Lo´pez-E. Garc´ıa-Rı´o
[13] and O. Munteanu-N. Sesum.[14] proved that n-dimensional complete gradient
shrinking solitons are rigid.
H. D. Cao and Q. Chen [4] showed that an n-dimensional (n ≥ 5) Bach-flat
gradient shrinking Ricci soliton is either Einstein or a finite quotient of Rn or
R × Nn−1, where N is an (n − 1)-dimensional Einstein manifold. G. Catino, P.
Mastrolia and D. D. Monticelli [10] proved that a gradient shrinking Ricci soliton
with fourth order divergence-free Weyl tensor (i.e. div4W = 0) is rigid.
In the case n = 4, some stronger results for gradient Ricci shrinking soli-
tons were obtained. A. Naber [15] proved that a four-dimensional non-compact
shrinking Ricci soliton with bounded nonnegative Riemannian curvature is a finite
quotient of R4, R2 × S2 or R × S3. H. D. Cao and Q. Chen [4] classified four-
dimensional complete non-compact Bach-flat gradient shrinking Ricci solitons.
Moreover, they also showed that a compact half-conformally flat (i.e. W± = 0)
gradient shrinking Ricci soliton is isometric to the standard S4 or CP 2. More
generally, J. Y. Wu, P. Wu and W. Wylie [18] showed that a four-dimensional
gradient shrinking Ricci soliton with half harmonic Weyl tensor (i.e. divW± = 0)
is either Einstein or a finite quotient of R4, R2 × S2 or R× S3. Under the weaker
condition of div4W± = 0, we will classify four-dimensional gradient shrinking
Ricci solitons in Theorem 1.3 of this paper.
Some classification theorems for gradient expanding Ricci solitons have been
proved in the recent years by various authors. H. D. Cao et al. [5] proved that
a complete Bach-flat gradient expanding Ricci soliton with non-negative Ricci
curvature is rotationally symmetric. For a three-dimensional gradient expanding
Ricci soliton with constant scalar curvature, P. Peterson and W. Wylie [17] proved
that it is a quotient of R3, H2×R, and H3. Moreover, G. Catino, P. Mastrolia and
D. D. Monticelli [9] showed that a three-dimensional complete gradient expanding
Ricci soliton with non-negative Ricci curvature and the scalar curvature R ∈
L1(M3) is isometric to a quotient of the Gaussian soliton R3.
On gradient steady Ricci solitons, H. D. Cao and Q. Chen [3] proved that an n-
dimensional complete non-compact locally conformally flat gradient steady Ricci
soliton is either flat or isometric to the Bryant soliton. Moreover, H. D. Cao et
al. [5] showed that a Bach-flat gradient steady Ricci soliton with positive Ricci
curvature such that the scalar curvature R attains its maximum at some interior
point is isometric to the Bryant soliton up to a scaling. Under the conditions of
asymptotically cylindrical and positive sectional curvature, S. Brendle [2] proved
that a steady gradient Ricci soliton is isometric to the Bryant soliton up to scaling.
In dimension three, the classification of complete gradient steady Ricci solitons
is still open. H. D. Cao et al. [5] proved that a three-dimensional gradient steady
Ricci soliton with divergence-free Bach tensor is either flat or isometric to the
Bryant soliton up to a scaling factor. In the paper by S. Brendle [1], it was shown
that a three-dimensional complete non-flat and κ-noncollapsed gradient steady
Ricci soliton is isometric to the Bryant soliton up to scaling.
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When n = 4, X. Chen and Y. Wang [11] showed that a four-dimensional com-
plete gradient steady Ricci soliton with W+ = 0 must be isometric to the Bryant
soliton (up to a scaling) or a manifold which is anti-self-dual and Ricci flat.
In this paper, we focus on the classification of four-dimensional gradient Ricci
solitons. The main results of this paper are the following classification theorems
for four-dimensional gradient Ricci solitons.
For four-dimensional gradient shrinking Ricci solitons, we have the following
classification results.
Theorem 1.1. Let (M4, g, f) be a four-dimensional gradient shrinking Ricci soli-
ton. If div4Rm± = 0, then (M4, g, f) is either Einstein or a finite quotient of R4,
S
2 × R2 or S3 × R.
Remark 1.2. From the proof of Theorem 1.1, we know that the condition of
div4Rm± = 0 can be relaxed to
∫
div4Rm±e−f ≥ 0. Moreover, it is clear from
the proof of Theorem 1.1 that a four-dimensional gradient shrinking Ricci soliton
with div3Rm±(∇f) = 0 is either Einstein or a finite quotient of R4, S2 × R2 or
S
3 × R.
Theorem 1.3. Let (M4, g, f) be a four-dimensional gradient shrinking Ricci soli-
ton. If div4W± = 0, then (M4, g, f) is either Einstein or a finite quotient of R4,
S
2 × R2 or S3 × R.
Remark 1.4. From the proof of Theorem 1.3, we know that the condition of
div4W± = 0 can be relaxed to
∫
div4W±e−f ≥ 0. Moreover, it is clear from the
proof of Theorem 1.3 that a four-dimensional gradient shrinking Ricci soliton with
div3W±(∇f) = 0 is either Einstein or a finite quotient of R4, S2×R2 or S3×R.
For four-dimensional complete non-compact gradient expanding Ricci solitons
with non-negative Ricci curvature, we will prove the following classification theo-
rems.
Theorem 1.5. Let (M4, g, f) be a four-dimensional complete non-compact gra-
dient expanding Ricci soliton with non-negative Ricci curvature. If div4Rm± = 0,
then (M4, g, f) is a finite quotient of R4.
Remark 1.6. From the proof of Theorem 1.5, we know that the condition of
div4Rm± = 0 can be relaxed to
∫
div4Rm±e−f ≤ 0. Moreover, it is clear from
the proof of Theorem 1.5 that a four-dimensional complete non-compact gradient
expanding Ricci soliton with Ric ≥ 0 and div3Rm±(∇f) = 0 is a finite quotient
of R4.
Theorem 1.7. Let (M4, g, f) be a four-dimensional complete non-compact gra-
dient expanding Ricci soliton with non-negative Ricci curvature. If div4W± = 0,
then (M4, g, f) is a finite quotient of R4.
Remark 1.8. From the proof of Theorem 1.7, we know that the condition of
div4W± = 0 can be relaxed to
∫
div4W±e−f ≤ 0. Moreover, it is clear from
the proof of Theorem 1.7 that a four-dimensional complete non-compact gradient
expanding Ricci soliton with Ric ≥ 0 and div3Rm±(∇f) = 0 is a finite quotient
of R4.
For four-dimensional non-trivial complete non-compact steady Ricci solitons,
we will show the following classification theorems.
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Theorem 1.9. Let (M4, g, f) be a non-trivial complete non-compact four-dimensional
gradient steady Ricci soliton with
∫
|Rm|2eαf < +∞ for some constant α ∈ R. If
div3Rm±(∇f) = 0, then (M4, g, f) is a finite quotient of R4.
Theorem 1.10. Let (M4, g, f) be a non-trivial complete non-compact four-dimensional
gradient steady Ricci soliton with
∫
|Rm|2eαf < +∞ for some constant α ∈ R. If
div3W±(∇f) = 0, then (M4, g, f) is a finite quotient of R4.
We arrange this paper as follows. In Section 2, we fix the notations, recall
some basic facts and known results about gradient Ricci solitons that we shall
need in the proof of the main theorems. In Section 3, we prove some useful
formulas of the Riemannian curvature. Before we prove the main results on four-
dimensional gradient shrinking Ricci solitons, we prove some integral identities for
four-dimensional gradient shrinking Ricci solitons in Section 4. In Section 5, we
prove Theorem 1.1 and Theorem 1.3. We obtain some integral identities for four-
dimensional gradient expanding Ricci solitons with non-negative Ricci curvatures
in Section 6. In Section 7, we finish the proof of Theorem 1.5 and Theorem
1.7. We show some integral identities for four-dimensional gradient steady Ricci
solitons in Section 8 and prove two classification theorems for four-dimensional
gradient steady Ricci solitons (Theorem 1.9 and Theorem 1.10) in Section 9.
2. Preliminaries
First of all, we recall that on any n-dimensional (n ≥ 3) Riemannian manifold,
the Weyl tensor is given by
Wijkl := Rijkl −
1
n− 2
(gikRjl − gilRjk − gjkRil + gjlRik)
+
R
(n− 1)(n − 2)
(gikgjl − gilgjk).
The Cotton tensor is defined as
Cijk := ∇iRjk −∇jRik −
1
2(n − 1)
(gjk∇iR− gik∇jR).
The relation between the Cotton tensor and the divergence of the Weyl tensor
is
Cijk = −
n− 2
n− 3
∇lWijkl.
For any pair (ij), 1 ≤ i 6= j ≤ 4, denote (i′j′) to be the dual of (ij), i.e., the
pair such ei ∧ ej ± ei′ ∧ ej′ ∈ ∧
±M4. In other words, (iji′j′) = σ(1234) for some
even permutation σ ∈ S4, i.e.,
(iji′j′) ∈ {(1234), (1342), (1423), (2143), (2314), (2431), (3124), (3241), (3412), (4132), (4213), (4321)}.
For any (0, 4)-tensor T , its (anti-)self-dual part is
T±ijkl =
1
4
(Tijkl ± Tijk′l′ ± Ti′j′kl + Ti′j′k′l′).
On four-manifolds, the Weyl tensor has sufficiently exotic symmetries.
Proposition 2.1 (J. Y. Wu, P. Wu and W. Wylie [18]). Let (M,g) be a four-
dimensional Riemannian manifold. Then
Wijkl =Wi′j′k′l′ ,
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therefore,
W±ijkl = ±W
±
ijk′l′ = ±W
±
i′j′kl =W
±
i′j′k′l =
1
2
(Wijkl ±Wijk′l′).
It follows that
W±ijkl =
1
2
(Wijkl ±Wi′j′kl).
Therefore, we have
(divW±)ijk := ∇lW
±
ijkl =
1
2
(∇lWijkl ±∇lWi′j′kl),
(div2W±)ik := ∇j∇lW
±
ijkl =
1
2
(∇j∇lWijkl ±∇j∇lWi′j′kl),
and
(div3W±)i := ∇k∇j∇lW
±
ijkl =
1
2
(∇k∇j∇lWijkl ±∇k∇j∇lWi′j′kl),
(div4W±) := ∇i∇k∇j∇lW
±
ijkl =
1
2
(∇i∇k∇j∇lWijkl ±∇i∇k∇j∇lWi′j′kl).
At the regular point of f , we denote by {ei}
4
i=1 a local orthonormal frame of
with e1 =
∇f
|∇f | . We use {αi}
4
i=1 to represent eigenvalues of the Ricci tensor with
corresponding orthonormal eigenvectors {ei}
4
i=1.
Next, we recall some basic facts about complete gradient shrinking Ricci soli-
tons.
Proposition 2.2 (F. Yang and L. Zhang [19]). Let (Mn, g) be a gradient Ricci
soliton with (1.1). Then we have the following equations
(div3Rm)i = −Rijkl∇kRjl, (2.1)
div3Rm(∇f) = −
1
2
|divRm|2, (2.2)
div3W (∇f) =
n− 3
n− 2
div3Rm(∇f) +
n− 3
4(n − 1)(n − 2)
|∇R|2. (2.3)
Lemma 2.3 (H. D. Cao and D. Zhou [6]). Let (Mn, g) be a complete gradient
shrinking soliton with (1.1). Then,
(i) the potential function f satisfies the estimates
1
4
(r(x)− c1)
2 ≤ f(x) ≤
1
4
(r(x) + c2)
2, (2.4)
where r(x) = d(x0, x) is the distance function from some fixed point x0 ∈ M , c1
and c2 are positive constants depending only on n and the geometry of g on the
unit ball B(x0, 1);
(ii) there exists some constant C > 0 such that
V ol(B(x0, s)) ≤ Cs
n (2.5)
for s > 0 sufficiently large.
Lemma 2.4 (O. Munteanu and N. Sesum [14]). For any complete gradient shrink-
ing Ricci soliton with (1.1), we have∫
M
|Ric|2e−ρf < +∞ (2.6)
for any ρ > 0.
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Lemma 2.5 (J. Y. Wu, P. Wu and W. Wylie [18]). A four-dimensional gradient
shrinking Ricci soliton with divW± = 0 is either Einstein, or a finite quotient
S
3 × R, S2 × R2 or R4.
Lemma 2.6 (H. D. Cao et al. [5]). Let (Mn, gij , f) (n ≥ 3) be a complete
noncompact gradient expanding soliton with nonnegative Ricci curvature Rc ≥ 0.
Then, there exist some constants c1 > 0 and c2 > 0 such that the potential function
f satisfies the estimates
1
4
(r(x)− c1)
2 − c2 ≤ −f(x) ≤
1
4
(r(x) + 2
√
−f(O))2, (2.7)
where r(x) is the distance function from any fixed base point in Mn. In particular,
f is a strictly concave exhaustion function achieving its maximum at some interior
point O, which we take as the base point, and the underlying manifold Mn is
diffeomorphic to Rn.
Lemma 2.7 (P. Petersen and W. Wylie [16]). The following conditions for a
shrinking (or expanding) gradient soliton Ric + Hessf = λg all imply that the
metric is radially flat and has constant scalar curvature.
(1) The scalar curvature is constant and sec(E,∇f) ≥ 0 (or sec(E,∇f) ≤ 0).
(2) The scalar curvature is constant and 0 ≤ Ric ≤ g (or λg ≤ Ric ≤ 0).
(3) The curvature tensor is harmonic.
(4) Ric ≥ 0 (or Ric ≤ 0) and sec(E,∇f) = 0.
Lemma 2.8 (P. Petersen and W. Wylie [16]). A gradient soliton is rigid if and
only if it has constant scalar curvature and is radially flat, that is, sec(E,∇f) = 0.
3. Basic Formulas on Curvatures
In this section, we give some formulas of the Riemannian curvature that are
needed in the proof of the main results.
Proposition 3.1. On a four-dimensional Riemannian manifold, we have
Ri′j′ik = Rj′ii′k = Rii′j′k = 0, (3.1)
and
∇iRi′j′kl = ∇i′Rj′ikl = ∇j′Rii′kl = 0. (3.2)
Proof. By direct computations, we have
Ri′1′ik = R432k +R243k +R324k = 0,
Ri′2′ik = R341k +R413k +R134k = 0,
and
Ri′3′ik = R421k +R142k +R214k = 0,
Ri′4′ik = R231k +R312k +R123k = 0.
Therefore, we have Ri′j′ik = 0. The same arguments implies that Rj′ii′k =
Rii′j′k = 0, i.e. (3.1) holds.
From the second Bianchi identity and (3.1), we have
∇iRi′j′kl = ∇kRi′j′il −∇lRi′j′ik = 0.
The same arguments implies that ∇i′Rj′ikl = ∇j′Rii′kl = 0, i.e. (3.2) holds. 
As a direct corollary of (3.2), we have
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Corollary 3.2. On a four-dimensional Riemannian manifold, we have
(divRm±)ijk := ∇lR
±
ijkl =
1
4
(∇lRijkl ±∇lRi′j′kl), (3.3)
(div2Rm±)ik := ∇j∇lR
±
ijkl =
1
4
(∇j∇lRijkl ±∇j∇lRi′j′kl), (3.4)
and
(div3Rm±)i := ∇k∇j∇lR
±
ijkl =
1
4
(∇k∇j∇lRijkl ±∇k∇j∇lRi′j′kl), (3.5)
div4Rm± := ∇i∇k∇j∇lR
±
ijkl =
1
4
(∇i∇k∇j∇lRijkl ±∇i∇k∇j∇lRi′j′kl). (3.6)
Proposition 3.3. On a four-dimensional Riemannian manifold, divRm± = 0
implies divW± = 0.
Proof. Tracing divRm±, we have
gik∇lR
±
ijkl =
1
4
gik(∇lRijkl ±∇lRi′j′kl) =
1
4
(∇lRjl ±∇lRi′j′il) =
1
8
∇jR, (3.7)
where we used (3.3) in the first equality. Moreover, we used divRic = 12∇R and
(3.1) in the last.
Since divRm± = 0, (3.7) implies that ∇R = 0.
By direct computation, we have
∇lW
±
ijkl =
1
2
(∇lWijkl ±∇lWi′j′kl)
= −
1
4
(Cijk ± Ci′j′k)
= −
1
4
[∇iRjk −∇jRik −
1
6
(gjk∇iR− gik∇jR)]
∓
1
4
[(∇i′Rj′k −∇j′Ri′k −
1
6
(gj′k∇i′R− gi′k∇j′R)]
=
1
4
[∇lRijkl +
1
6
(gjk∇iR− gik∇jR)]
±
1
4
[∇lRi′j′kl +
1
6
(gj′k∇i′R− gi′k∇j′R)]
= ∇lR
±
ijkl +
1
24
(gjk∇iR− gik∇jR)±
1
24
(gj′k∇i′R− gi′k∇j′R), (3.8)
where we used the second Bianchi identity in the fourth equality and (3.3) in the
last.
Note that divRm± = 0 and ∇R = 0, it follows from (3.8) that ∇lW
±
ijkl = 0. 
Remark 3.4. From Lemma 2.5, we know that a four-dimensional gradient shrink-
ing Ricci soliton with divRm± = 0 is either Einstein, or a finite quotient S3×R,
S
2 × R2 or R4.
Proposition 3.5. On a four-dimensional Riemannian manifold, |divRm±|2 ≥
1
48 |∇R|
2.
Proof. From (3.7), we know that trdivRm± = 18∇R. Using (3.8), we have
0 ≤ |∇lW
±
ijkl|
2 = |∇lR
±
ijkl +
1
24
(gjk∇iR− gik∇jR)±
1
24
(gj′k∇i′R− gi′k∇j′R)|
2
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= |∇lR
±
ijkl|
2 +
1
576
|gjk∇iR− gik∇jR|
2 +
1
576
|gj′k∇i′R− gi′k∇j′R|
2
+
1
12
∇lR
±
ijkl(gjk∇iR− gik∇jR)±
1
12
∇lR
±
ijkl(gj′k∇i′R− gi′k∇j′R)
±
1
288
(gjk∇iR− gik∇jR)(gj′k∇i′R− gi′k∇j′R)
= |divRm±|2 +
1
96
|∇R|2 +
1
96
|∇R|2 −
1
48
|∇R|2 −
1
48
|∇R|2
= |divRm±|2 −
1
48
|∇R|2. (3.9)
It follows that |divRm±|2 ≥ 148 |∇R|
2. 
Proposition 3.6. Let (M4, f, g) be a four-dimensional gradient Ricci soliton.
Then we have
∇j∇lRi′j′kl = −Ri′j′klRjl. (3.10)
Proof. The second Bianchi identity implies that
∇j∇lRi′j′kl = ∇j∇j′Ri′k −∇j∇i′Rj′k. (3.11)
From (1.1), we have
∇jRik −∇iRjk = ∇i∇j∇kf −∇j∇i∇kf
= Rijkl∇lf. (3.12)
By direct computation, we obtain
∇j∇j′Ri′k = ∇j(∇kRj′i′ +Rkj′i′l∇lf)
= ∇j∇kRj′i′ +∇jRkj′i′l∇lf +Rkj′i′l∇j∇lf
= ∇k∇jRj′i′ +Rjkj′lRli′ +Rjki′lRj′l
+∇jRkj′i′l∇lf +Rkj′i′l(λgjl −Rjl)
= ∇k∇jRj′i′ +Rjkj′lRli′ +Rjki′lRj′l −Rkj′i′lRjl, (3.13)
where we used (3.12) in the first identity, (1.1) in the third and Proposition ?? in
the last.
By the same arguments, we have
∇j∇i′Rj′k = ∇k∇jRi′j′ +Rjki′lRlj′ +Rjkj′lRi′l −Rki′j′lRjl. (3.14)
Applying (3.13) and (3.14) to (3.11), we have
∇j∇lRi′j′kl = ∇j∇j′Ri′k −∇j∇i′Rj′k
= (Rki′j′l −Rkj′i′l)Rjl
= −Ri′j′klRjl,
where we used the first Bianchi identity.
This completes the proof of Proposition 3.6. 
Proposition 3.7. Let (M4, f, g) be a four-dimensional gradient Ricci soliton.
Then we have
Ri′j′klRjl∇if∇kf = −Ri′j′kl∇j∇lf∇if∇kf. (3.15)
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Proof. By direct computation, we have
Ri′j′klRjl∇if∇kf = λRi′j′kj∇if∇kf −Ri′j′kl∇j∇lf∇if∇kf
= −Ri′j′kl∇j∇lf∇if∇kf, (3.16)
where we (1.1) in the first equality and (3.1) in the second. 
Proposition 3.8. Let (M4, f, g) be a four-dimensional gradient Ricci soliton.
Then at every regular point of f , we have
Ri′j′kl∇iRjl∇kf = 2(R121lR341l +R131lR421l +R141lR231l)|∇f |
2. (3.17)
Proof. By direct computation, we have
Ri′j′kl∇iRjl∇kf =
1
2
(∇iRjl −∇jRil)Ri′j′kl∇kf
=
1
2
Rijpl∇pfRi′j′kl∇kf
=
1
2
Rij1lRi′j′1l|∇f |
2
=
1
2
(R121lR341l +R131lR421l +R141lR231l)|∇f |
2
+
1
2
(R211lR431l +R231lR141l +R241lR311l)|∇f |
2
+
1
2
(R311lR241l +R321lR411l +R341lR121l)|∇f |
2
+
1
2
(R411lR321l +R421lR131l +R431lR211l)|∇f |
2
= 2(R121lR341l +R131lR421l +R141lR231l)|∇f |
2, (3.18)
where we used (3.12) in the second equality. 
Proposition 3.9. Let (M4, f, g) be a four-dimensional gradient Ricci soliton.
Then at every regular point of f , we have
|divRm|2 = 2(R2121l +R
2
341l +R
2
131l +R
2
421l +R
2
141l +R
2
231l)|∇f |
2. (3.19)
Proof. Note that
∇kRijkl = ∇iRjl −∇jRil
= −∇i∇j∇lf +∇j∇i∇lf
= Rijkl∇kf, (3.20)
where we used the second Bianchi identity in the first equality and (1.1) in the
second equality.
It follows that
|divRm|2 ≡ |∇kRijkl|
2
= |Rijkl∇kf |
2
= |Rij1l|
2|∇f |2
= 2(R2121l +R
2
341l +R
2
131l +R
2
421l +R
2
141l +R
2
231l)|∇f |
2. (3.21)

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Lemma 3.10. Let (M4, f, g) be a four-dimensional gradient Ricci soliton. Then
we have
|divRm|2 ± 2Ri′j′kl∇iRjl∇kf = 16|divRm
±|2. (3.22)
Proof. From (3.20), we know that |divRm| = 0 at the critical point of f . More-
over, (3.3) and (3.20) implies that |divRm±| = 0 at the critical point of f . It
follows that both side of (3.22) are zero at the critical point of f .
Next, we only consider regular points of f .
From Propositions 3.8 and 3.9, we have
|divRm|2 ± 2Ri′j′kl∇iRjl∇kf
= 2(R2121l +R
2
341l +R
2
131l +R
2
421l +R
2
141l +R
2
231l)|∇f |
2
±4(R121lR341l +R131lR421l +R141lR231l)|∇f |
2
= 2[(R121l ±R341l)
2 + (R131l ±R421l)
2 + (R141l ±R231l)
2]|∇f |2
= |Rij1l ±Ri′j′1l|
2|∇f |2
= |Rijkl∇kf ±Ri′j′kl∇kf |
2
= |∇kRijkl ±∇kRi′j′kl|
2
= 16|divRm±|2,
where we used (3.20) in the fifth equality and (3.3) in the last. 
Lemma 3.11. Let (M4, f, g) be a four-dimensional gradient Ricci soliton. Then
we have
div3W±(∇f) = div3Rm±(∇f) +
1
48
|∇R|2. (3.23)
Proof. Since ∇R = 2Ric(∇f, ·), both sides of (3.23) are zero at the critical point
of f . In the following, we only consider regular points of f . Note that
∇lWi′j′kl = −
1
2
Ci′j′k
= −
1
2
[∇i′Rj′k −∇j′Ri′k −
1
6
(gj′k∇i′R− gi′k∇j′R)]
=
1
2
∇lRi′j′kl +
1
12
(gj′k∇i′R− gi′k∇j′R),
where we used the second Bianchi identity. It follows that
∇k∇j∇lWi′j′kl∇if
=
1
2
∇k∇j∇lRi′j′kl∇if +
1
12
(∇j′∇j∇i′R−∇i′∇j∇j′R)
=
1
2
∇k∇j∇lRi′j′kl∇if +
1
12
Rj′i′jl∇lR
=
1
2
∇k∇j∇lRi′j′kl∇if, (3.24)
where we used (3.1).
By direct computation, we have
div3W±(∇f)
=
1
2
(∇k∇j∇lWijkl∇if ±∇k∇j∇lWi′j′kl∇if)
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=
1
4
∇k∇j∇lRijkl∇if +
1
48
|∇R|2 ±
1
4
∇k∇j∇lRi′j′kl∇if
= div3Rm±(∇f) +
1
48
|∇R|2.
where we used (2.3) and (3.24) in the second equality. Moreover, we used (3.5)
in the last. 
4. Integral Identities for 4-dimensional Gradient Shrinking Ricci
Solitons
In this section, we prove some integral identities for 4-dimensional gradient
shrinking Ricci solitons which will be needed in the proof of Theorem 1.1 and
Theorem 1.3.
For the complete non-compact case, let φ(t) = 1 on [0, s], φ(t) = 2s−t
s
on (s, 2s)
and φ(t) = 0 on [2s,∞). From (2.4), we know that f is of quadratic growth.
Therefore, φ(f) has compact support in M4 for any fixed constant s > 0.
Proposition 4.1. Let (M4, g, f) be a four-dimensional complete non-compact
gradient shrinking Ricci soliton, then we have∫
Ri′j′klRjl∇if∇kfφ(f)e
−f = 0. (4.1)
Proof. Integrating (3.15), we have∫
Ri′j′klRjl∇if∇kf(φ(f)− φ
′(f))e−f
= −
∫
Ri′j′kl∇j∇lf∇if∇kf(φ(f)− φ
′(f))e−f
=
∫
∇j(Ri′j′kl∇if∇kf(φ(f)− φ
′(f))e−f )∇lf. (4.2)
We claim that ∇j(Ri′j′kl∇if∇kf(φ(f)− φ
′(f))e−f )∇lf ≡ 0 on M
4. The argu-
ments can be divided into two cases:
• Case 1: |∇f |2 = 0 on some nonempty open set. In this case, since any
gradient shrinking Ricci soliton is analytic in harmonic coordinates, it follows that
|∇f |2 = 0 on M4. It is clear that ∇j(Ri′j′kl∇if∇kf(φ(f) − φ
′(f))e−f )∇lf ≡ 0
on M4.
• Case 2: The set Θ := {x ∈M4|∇f(x) 6= 0} is dense in M4. Note that
∇j(Ri′j′kl∇if∇kf(φ(f)−φ
′(f))e−f )∇lf = ∇j(R1′j′11|∇f |
2(φ(f)−φ′(f))e−f )|∇f | = 0
on Θ, the continuity implies that ∇j(Ri′j′kl∇if∇kfφ(f)e
−f )∇lf ≡ 0 on M
4.
This completes the proof of Proposition 4.1. 
Remark 4.2. Note that φ(f) − aφ′(f) still has compact support in M4 for any
a > 0 and any fixed constant s > 0. By the same arguments as in the proof of
Proposition 4.1, we obtain that a four-dimensional complete non-compact gradient
shrinking Ricci soliton satisfies∫
Ri′j′klRjl∇if∇kf(φ(f)− aφ
′(f))e−f = 0 (4.3)
for any a > 0.
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Remark 4.3. From the proof of Proposition 4.1, we know that a four-dimensional
compact gradient shrinking Ricci soliton satisfies∫
Ri′j′klRjl∇if∇jfe
−f = 0. (4.4)
Proposition 4.4. Let (M4, g, f) be a four-dimensional complete non-compact
gradient shrinking Ricci soliton, then we have∫
Ri′j′klRjl∇i∇kfφ(f)e
−f = −
∫
Ri′j′kl∇iRjl∇kfφ(f)e
−f . (4.5)
Proof. By direct computation, we have∫
Ri′j′klRjl∇i∇kfφ(f)e
−f
= −
∫
∇iRi′j′klRjl∇kfφ(f)e
−f −
∫
Ri′j′kl∇iRjl∇kfφ(f)e
−f
+
∫
Ri′j′klRjl∇if∇kfφ(f)e
−f −
∫
Ri′j′klRjl∇if∇kfφ
′(f)e−f
= −
1
2
∫
∇iRi′j′kj∇kfφ(f)e
−f +
∫
∇iRi′j′kl∇j∇lf∇kfφ(f)e
−f
−
∫
Ri′j′kl∇iRjl∇kfφ(f)e
−f
= −
∫
Ri′j′kl∇iRjl∇kfφ(f)e
−f ,
where we used (4.3) and (1.1) in the second equality. Moreover, we used (3.2) in
the last equality. 
Remark 4.5. From the proof of Proposition 4.4, we know that a four-dimensional
compact gradient shrinking Ricci soliton satisfies∫
Ri′j′klRjl∇i∇kfe
−f = −
∫
Ri′j′kl∇iRjl∇kfe
−f . (4.6)
Lemma 4.6. Let (M4, g, f) be a four-dimensional complete non-compact gradient
shrinking Ricci soliton, then we have∫
div3Rm±(∇f)φ(f)e−f = −2
∫
|divRm±|2φ(f)e−f . (4.7)
Proof. By direct computation, we have∫
div3Rm±(∇f)φ(f)e−f
=
1
4
∫
∇k∇j∇lRijkl∇ifφ(f)e
−f ±
1
4
∫
∇k∇j∇lRi′j′kl∇ifφ(f)e
−f
= −
1
8
∫
|divRm|2φ(f)e−f ∓
1
4
∫
∇j∇lRi′j′kl∇k∇ifφ(f)e
−f
±
1
4
∫
∇j∇lRi′j′kl∇if∇kf(φ(f)− φ
′(f))e−f
= −
1
8
∫
|divRm|2φ(f)e−f ±
1
4
∫
Ri′j′klRjl∇i∇kfφ(f)e
−f
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∓
1
4
∫
Ri′j′klRjl∇if∇kf(φ(f)− φ
′(f))e−f
= −
1
8
∫
|divRm|2φ(f)e−f ∓
1
4
∫
Ri′j′kl∇iRjl∇kfφ(f)e
−f
= −2
∫
|divRm±|2φ(f)e−f ,
where we used (3.5) in the first equality, (2.2) in the second equality and Propo-
sition 3.6 in the third equality. Moreover, we used (4.3) and Proposition 4.4 in
the fourth equality. We used Lemma 3.10 in the last equality. 
Remark 4.7. Note that φ(f) − aφ′(f) still has compact support in M4 for any
a > 0 and any fixed constant s > 0. By the same arguments as in the proof
of Lemma 4.6, we obtain that a four-dimensional complete non-compact gradient
shrinking Ricci soliton satisfies∫
div3Rm±(∇f)(φ(f)−aφ′(f))e−f = −2
∫
|divRm±|2(φ(f)−aφ′(f))e−f (4.8)
for any a > 0.
Remark 4.8. From the proof of Lemma 4.6, we know that a four-dimensional
compact gradient shrinking Ricci soliton satisfies∫
div3Rm±(∇f)e−f = −2
∫
|divRm±|2e−f . (4.9)
5. Main Results of Gradient Shrinking Ricci Soltions
In this section, we prove Theorems 1.1 and 1.3.
Theorem 5.1. Let (M4, g, f) be a four-dimensional gradient shrinking Ricci soli-
ton. If div4Rm± = 0, then (M4, g, f) is either Einstein or a finite quotient of R4,
S
2 × R2 or S3 × R.
Proof. • The compact case:
Integrating by parts, we have∫
div4Rm±e−f =
∫
div3Rm±(∇f)e−f = −2
∫
|divRm±|2e−f , (5.1)
where we used (4.9). Since div4Rm± = 0, it follows from (5.1) that∫
|divRm±|2e−f = 0. (5.2)
• The complete non-compact case:
φ(t) is defined in Section 4, i.e. φ(t) = 1 on [0, s], φ(t) = 2s−t
s
on (s, 2s) and
φ(t) = 0 on [2s,∞). Integrating by parts, we have∫
div4Rm±φ(f)e−f =
∫
div3Rm±(∇f)(φ(f)− φ′(f))e−f
= −2
∫
|divRm±|2(φ(f)− φ′(f))e−f , (5.3)
where we used (4.8).
14 F. YANG AND L. ZHANG
Note that div4Rm± = 0, φ(f)− φ′(f) ≥ 0 on M4 and φ(f)− φ′(f) = 1 on the
compact set D( s2 ) := {x ∈M
4|f(x) ≤ s2}. It follows from (5.3) that∫
D( s
2
)
|divRm±|2e−f = 0. (5.4)
Taking s→ +∞, we have ∫
|divRm±|2e−f = 0. (5.5)
It follows from (5.2) and (5.5) that divRm± = 0 a. e. onM4. Since any gradient
shrinking Ricci soliton is analytic in harmonic coordinates, we have divRm± ≡ 0.
From Remark 3.4, we know that (M4, g, f) is either Einstein or a finite quotient
of R4, S2 × R2 or S3 × R. 
Theorem 5.2. Let (M4, g, f) be a four-dimensional gradient shrinking Ricci soli-
ton. If div4W± = 0. Then (M4, g, f) is either Einstein or a finite quotient of R4,
S
2 × R2 or S3 × R.
Proof. From the proof of Theorem 5.1, we only need to show that
∫
|divRm±|2e−f =
0.
• The compact case:
Integrating by parts, we have∫
div4W±e−f =
∫
div3W±(∇f)e−f
=
∫
div3Rm±(∇f)e−f +
1
48
∫
|∇R|2e−f
= −2
∫
|divRm±|2e−f +
1
48
∫
|∇R|2e−f , (5.6)
where we used Lemma 3.11 in the second equality and (4.9) in the last.
Since div4W± = 0, it follows that∫
|divRm±|2e−f =
1
96
∫
|∇R|2e−f (5.7)
Applying Proposition 3.5 to (5.7), we have
1
48
∫
|∇R|2e−f ≤
1
96
∫
|∇R|2e−f , (5.8)
i. e. ∫
|∇R|2e−f = 0. (5.9)
From (5.7) and (5.9), we know that∫
|divRm±|2e−f = 0. (5.10)
• The complete non-compact case:
φ(t) is defined in Section 4, i.e. φ(t) = 1 on [0, s], φ(t) = 2s−t
s
on (s, 2s) and
φ(t) = 0 on [2s,∞). Integrating by parts, we have∫
div4W±φ(f)e−f
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=
∫
div3W±(∇f)(φ(f)− φ′(f))e−f
=
∫
div3Rm±(∇f)(φ(f)− φ′(f))e−f +
1
48
∫
|∇R|2(φ(f)− φ′(f))e−f
= −2
∫
|divRm±|2(φ(f)− φ′(f))e−f +
1
48
∫
|∇R|2(φ(f)− φ′(f))e−f ,(5.11)
where we used Lemma 3.11 in the second equality and (4.8) in the last.
Since div4W± = 0, it follows that∫
|divRm±|2(φ(f)− φ′(f))e−f =
1
96
∫
|∇R|2(φ(f)− φ′(f))e−f , (5.12)
Note that φ(f)− φ′(f) ≥ 0 on M4. Applying Proposition 3.5 to (5.12) that
1
48
∫
|∇R|2(φ(f)− φ′(f))e−f ≤
1
96
∫
|∇R|2(φ(f)− φ′(f))e−f , (5.13)
i. e. ∫
|∇R|2(φ(f)− φ′(f))e−f = 0. (5.14)
From (5.12) and (5.14), we know that∫
|divRm±|2(φ(f)− φ′(f))e−f = 0. (5.15)
Note that φ(f) − φ′(f) = 1 on the compact set D( s2) := {x ∈ M
4|f(x) ≤ s2}.
It follows from (5.15) that ∫
D( s
2
)
|divRm±|2 = 0. (5.16)
Taking s→ +∞, we obtain ∫
|divRm±|2e−f = 0. (5.17)
This completes the proof of Theorem 5.2. 
6. Integral Identities for 4-dimensional Gradient Expanding Ricci
Solitons
In this section, we prove some integral identities for 4-dimensional gradient
expanding Ricci solitons which will be needed in the proof of Theorem 1.5 to
Theorem 1.7.
φ(t) is defined in Section 4, i.e. φ(t) = 1 on [0, s], φ(t) = 2s−t
s
on (s, 2s) and
φ(t) = 0 on [2s,∞). Lemma 2.6 implies that −f is of quadratic growth, it follows
that φ(−f) = s+f
s
has compact support in M for any fixed constant s > 0.
Proposition 6.1. Let (M4, g, f) be a four-dimensional complete non-compact
gradient expanding Ricci soliton with non-negative Ricci curvature, then we have∫
Ri′j′klRjl∇if∇kfφ(−f)e
f = 0. (6.1)
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Proof. Integrating (3.15), we have∫
Ri′j′klRjl∇if∇kfφ(−f)e
f
= −
∫
Ri′j′kl∇j∇lf∇if∇kfφ(−f)e
f
=
∫
∇j(Ri′j′kl∇if∇kfφ(−f)e
f )∇lf.
We claim that ∇j(Ri′j′kl∇if∇kfφ(−f)e
f )∇lf ≡ 0 on M
4. The arguments can
be divided into two cases:
• Case 1: |∇f |2 = 0 on some nonempty open set. In this case, since any
gradient expanding Ricci soliton is analytic in harmonic coordinates, it follows
that |∇f |2 = 0 on M4. It is clear that ∇j(Ri′j′kl∇if∇kfφ(−f)e
f )∇lf ≡ 0 on
M4.
• Case 2: The set Θ := {x ∈M4|∇f(x) 6= 0} is dense in M4. Note that
∇j(Ri′j′kl∇if∇kfφ(−f)e
f )∇lf = ∇j(R1′j′11|∇f |
2φ(−f)ef )|∇f | = 0
on Θ, the continuity implies that ∇j(Ri′j′kl∇if∇kfφ(−f)e
f )∇lf ≡ 0 on M
4.
This completes the proof of Proposition 6.1. 
Remark 6.2. Note that φ(−f) − aφ′(−f) still has compact support in M4 for
any a > 0 and any fixed constant s > 0. By the same arguments as in the proof
of Proposition 6.1, we know that on a four-dimensional complete non-compact
gradient expanding Ricci soliton with non-negative Ricci curvature,∫
Ri′j′klRjl∇if∇jf(φ(−f)− aφ
′(−f))ef = 0. (6.2)
for any a > 0.
Proposition 6.3. Let (M4, g, f) be a four-dimensional complete non-compact
gradient expanding Ricci soliton with non-negative Ricci curvature, then we have∫
Ri′j′klRjl∇i∇kfφ(−f)e
f = −
∫
Ri′j′kl∇iRjl∇kfφ(−f)e
f . (6.3)
Proof. By direct computation, we have∫
Ri′j′klRjl∇i∇kfφ(−f)e
f
= −
∫
∇iRi′j′klRjl∇kfφ(−f)e
f −
∫
Ri′j′kl∇iRjl∇kfφ(−f)e
f
−
∫
Ri′j′klRjl∇if∇kf(φ(−f)− φ
′(−f))ef
=
1
2
∫
∇iRi′j′kj∇kfφ(−f)e
f +
∫
∇iRi′j′kl∇j∇lf∇kfφ(−f)e
f
−
∫
Ri′j′kl∇iRjl∇kfφ(−f)e
f
= −
∫
Ri′j′kl∇iRjl∇kfφ(−f)e
f ,
where we used (6.2) and (1.1) in the second equality. Moreover, we used (3.2) in
the last equality. 
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Lemma 6.4. Let (M4, g, f) be a four-dimensional complete non-compact gradient
expanding Ricci soliton with non-negative Ricci curvature, then we have∫
div3Rm±(∇f)φ(−f)ef = −2
∫
|divRm±|2φ(−f)ef . (6.4)
Proof. By direct computation, we have∫
div3Rm±(∇f)φ(−f)ef
=
1
4
∫
∇k∇j∇lRijkl∇ifφ(−f)e
f ±
1
4
∫
∇k∇j∇lRi′j′kl∇ifφ(−f)e
f
= −
1
8
∫
|divRm|2φ(−f)ef ∓
1
4
∫
∇j∇lRi′j′kl∇k∇ifφ(−f)e
f
∓
1
4
∫
∇j∇lRi′j′kl∇if∇kf(φ(−f)− φ
′(−f))ef
= −
1
8
∫
|divRm|2φ(−f)ef ±
1
4
∫
Ri′j′klRjl∇i∇kfφ(−f)e
f
±
1
4
∫
Ri′j′klRjl∇if∇kf(φ(−f)− φ
′(−f))ef
= −
1
8
∫
|divRm|2φ(−f)ef ∓
1
4
∫
Ri′j′kl∇iRjl∇kfφ(−f)e
f
= −2
∫
|divRm±|2φ(−f)ef ,
where we used (3.5) in the first equality, (2.2) in the second equality and Propo-
sition 3.6 in the third equality. Moreover, we used (6.2) and Proposition 6.3 in
the fourth equality. We used Lemma 3.10 in the last equality. 
Remark 6.5. Note that φ(−f) − aφ′(−f) still has compact support in M4 for
any a > 0 and any fixed constant s > 0. By the same arguments as in the proof of
Lemma 6.4, we know that on a four-dimensional complete non-compact gradient
expanding Ricci soliton with∫
div3Rm±(∇f)(φ(−f)− aφ′(−f))ef = −2
∫
|divRm±|2(φ(−f)− aφ′(−f)ef .
(6.5)
for any a > 0.
7. Main Results of Gradient Expanding Ricci Soltions
In this section, we finish the proof of Theorem 1.9 and Theorem 1.10.
φ(t) is defined in Section 4, i.e. φ(t) = 1 on [0, s], φ(t) = 2s−t
s
on (s, 2s), φ = 0
on [2s,∞).
Theorem 7.1. Let (M4, g, f) be a four-dimensional complete non-compact gra-
dient expanding Ricci soliton with non-negative Ricci curvature. If div4Rm± = 0,
then (M4, g, f) is a finite quotient of the Gaussian expanding soliton R4.
Proof. Integrating by parts, we have∫
div4Rm±φ(−f)ef
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= −
∫
div3Rm±(∇f)(φ(−f)− φ′(−f))ef
= 2
∫
|divRm±|2(φ(−f)− φ′(−f))ef , (7.1)
where we used (6.5).
Note that div4Rm± = 0, φ(−f)− φ′(−f) ≥ 0 on M4 and φ(−f)− φ′(−f) = 1
on the compact set E( s2 ) := {x ∈M
4| − f(x) ≤ s2}. It follows from (7.1) that∫
E( s
2
)
|divRm±|2ef = 0. (7.2)
Taking s→ +∞ in (7.2), we know that∫
|divRm±|2e−f = 0. (7.3)
It follows that divRm± = 0 a. e. on M4. Since any gradient expanding Ricci
soliton is analytic in harmonic coordinates, we have divRm± ≡ 0 on M4. It
follows (3.7) that ∇R ≡ 0 on M4, i.e. R is a constant on M4.
Since Ric ≥ 0, R is a non-negative constant. It follows from the fact of ∆fR =
−R− 2|Ric|2 that |Ric| = 0 on M4, i.e. M4 has vanishing Ricci curvature.
Hence, Condition (2) in Lemma 2.7 holds. It follows that (Mn, g, f) is radially
flat and has constant scalar curvature. By Lemma 2.8, we have (Mn, g, f) is rigid.
Since Ric ≥ 0 on M4, (M4, g, f) is a finite quotient of the Gaussian expanding
soliton R4. 
Theorem 7.2. Let (M4, g, f) be a four-dimensional complete non-compact gra-
dient expanding Ricci soliton with non-negative Ricci curvature. If div4W± = 0,
then (M4, g, f) is a finite quotient of the Gaussian expanding soliton R4.
Proof. From the proof of Theorem 7.1, we only need to show that R is a constant
on M4.
Integrating by parts, we have∫
div4W±φ(−f)ef
= −
∫
div3W±(∇f)(φ(−f)− φ′(−f))ef
= −
∫
div3Rm±(∇f)(φ(−f)− φ′(−f))ef −
1
48
∫
|∇R|2(φ(−f)− φ′(−f))ef
= 2
∫
|divRm±|2(φ(−f)− φ′(−f))ef −
1
48
∫
|∇R|2(φ(−f)− φ′(−f))ef , (7.4)
where we used Lemma 3.11 in the second equality and (6.5) in the last.
Since div4W± = 0, it follows that∫
|divRm±|2(φ(−f)− φ′(−f))ef =
1
96
∫
|∇R|2(φ(−f)− φ′(−f))ef . (7.5)
Note that φ(−f)− φ′(−f) ≥ 0 on M4. Applying Proposition 3.5 to (7.5) that
1
48
∫
|∇R|2(φ(−f)− φ′(−f))ef ≤
1
96
∫
|∇R|2(φ(−f)− φ′(−f))ef , (7.6)
CLASSIFICATION 4D GRADIENT RICCI SOLITONS 19
i. e. ∫
|∇R|2(φ(f)− φ′(f))ef = 0. (7.7)
Note that φ(−f)− φ′(−f) = 1 on the compact set E( s2 ) := {x ∈M
4| − f(x) ≤
s
2}. It follows from (7.7) that ∫
E( s
2
)
|∇R|2ef = 0. (7.8)
Taking s→ +∞, we obtain ∫
|∇R|2ef = 0. (7.9)
It follows that
∫
|∇R|2ef = 0, i.e. ∇R = 0 a. e. on M4. Since any gradient
expanding Ricci soliton is analytic in harmonic coordinates, we have ∇R ≡ 0 on
M4, i.e. R is a constant on M4.
This completes the proof of Theorem 7.2. 
8. Integral Identities for 4-dimensional Gradient Steady Ricci
Solitons
In this section, we prove some integral identities for 4-dimensional gradient
steady Ricci solitons which will be needed in the proof of Theorem 1.9 and The-
orem 1.10.
In the following, let Br be a geodesic ball with radius r and ν be the outward
unit normal vector field to Br.
Proposition 8.1. Let (M4, g, f) be a four-dimensional complete non-compact
gradient steady Ricci soliton, then for every α ∈ R we have∫
Br
Ri′j′klRjl∇if∇kfe
αf = 0. (8.1)
Proof. Integrating (3.15), we have∫
Br
Ri′j′klRjl∇if∇kfe
αf
= −
∫
Br
Ri′j′kl∇j∇lf∇if∇kfe
αf
= −
∫
∂Br
Ri′j′kl∇lf∇if∇kfνje
αf +
∫
Br
∇j(Ri′j′kl∇if∇kfe
αf )∇lf
=
∫
Br
∇j(Ri′j′kl∇if∇kfe
αf )∇lf.
We claim that ∇j(Ri′j′kl∇if∇kfe
αf )∇lf ≡ 0 on M
4. The arguments can be
divided into two cases:
• Case 1: |∇f |2 = 0 on some nonempty open set. In this case, since any
gradient shrinking Ricci soliton is analytic in harmonic coordinates, it follows
that |∇f |2 = 0 on M4. It is clear that ∇j(Ri′j′kl∇if∇kfe
αf )∇lf ≡ 0 on M
4.
• Case 2: The set Θ := {x ∈M4|∇f(x) 6= 0} is dense in M4. Note that
∇j(Ri′j′kl∇if∇kfe
αf )∇lf = ∇j(R1′j′11|∇f |
2eαf )|∇f | = 0
on Θ, the continuity implies that ∇j(Ri′j′kl∇if∇kfe
αf )∇lf ≡ 0 on M
4.
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This completes the proof of Proposition 8.1. 
Proposition 8.2. Let (M4, g, f) be a four-dimensional complete non-compact
gradient steady Ricci soliton, then for every α ∈ R we have∫
Br
Ri′j′klRjl∇i∇kfe
αf =
∫
∂Br
Ri′j′klRjl∇kfνie
αf −
∫
Br
Ri′j′kl∇iRjl∇kfe
αf .
(8.2)
Proof. By direct computation, we have∫
Br
Ri′j′klRjl∇i∇kfe
αf
=
∫
∂Br
Ri′j′klRjl∇kfνie
αf −
∫
Br
∇iRi′j′klRjl∇kfe
αf
−
∫
Br
Ri′j′kl∇iRjl∇kfe
αf − α
∫
Br
Ri′j′klRjl∇if∇kfe
αf
=
∫
∂Br
Ri′j′klRjl∇kfνie
αf −
∫
Br
Ri′j′kl∇iRjl∇kfe
αf ,
where we used (3.2) and Proposition 8.1. 
Lemma 8.3. Let (M4, g, f) be a complete non-compact four-dimensional gradient
steady Ricci soliton with
∫
|Rm|2eαf < +∞ for some constant α ∈ R, then we
have ∫
div3Rm±(∇f)eαf ≤ −2
∫
|divRm±|2eαf (8.3)
with ∫
|divRm±|2eαf < +∞. (8.4)
Proof. It follows from (3.3) that∫
|divRm±|2eαf ≤
∫
|divRm|2eαf < +∞.
By direct computation, we have∫
Br
div3Rm±(∇f)eαf
=
1
4
∫
Br
∇k∇j∇lRijkl∇ife
αf ±
1
4
∫
Br
∇k∇j∇lRi′j′kl∇ife
αf
= −
1
8
∫
Br
|divRm|2eαf ±
1
4
∫
∂Br
∇j∇lRi′j′kl∇ifνke
αf
∓
1
4
∫
Br
∇j∇lRi′j′kl∇k∇ife
αf ∓
α
4
∫
Br
∇j∇lRi′j′kl∇if∇kfe
αf
= −
1
8
∫
Br
|divRm|2eαf ∓
1
4
∫
∂Br
Ri′j′klRjl∇ifνke
αf
±
1
4
∫
Br
Ri′j′klRjl∇k∇ife
αf ±
α
4
∫
Br
Ri′j′klRjl∇if∇kfe
αf
= ∓
1
4
∫
∂Br
Ri′j′klRjl∇ifνke
αf ±
1
4
∫
∂Br
Ri′j′klRjl∇kfνie
αf
CLASSIFICATION 4D GRADIENT RICCI SOLITONS 21
−
1
8
∫
Br
|divRm|2eαf ∓
1
4
∫
Br
Ri′j′kl∇iRjl∇kfe
αf
= ∓
1
4
∫
∂Br
Ri′j′klRjl∇ifνke
αf ±
1
4
∫
∂Br
Ri′j′klRjl∇kfνie
αf − 2
∫
Br
|divRm±|2eαf
≤
1
2
∫
∂Br
|Rm||Ric||∇f |eαf − 2
∫
Br
|divRm±|2eαf , (8.5)
where we used (3.5) in the first equality, (2.2) in the second equality and Propo-
sition 3.6 in the third. Moreover, we used Proposition 8.1 and Proposition 8.2
in the fourth equality. We used Lemma 3.10 in the last equality. Therefore, we
obtained (8.2).
Since R ≥ 0 (see B. L. Chen [8]) and R + |∇f |2 = Const., |∇f | is bounded.
Therefore, ∫
|Rm||Ric||∇f |eαf ≤ c
∫
|Rm|2eαf < +∞. (8.6)
It follows that
lim
r→+∞
∫
∂Br
|Rm||Ric||∇f |eαf = 0. (8.7)
By taking r → +∞ in (8.5) and using (8.7), we obtain (8.3). 
9. Main Results of Gradient Steady Ricci Solitons
In this section, we prove Theorem 1.9 and 1.10.
Theorem 9.1. Let (M4, g, f) be a non-trivial complete non-compact four-dimensional
gradient steady Ricci soliton with
∫
|Rm|2eαf < +∞ for some constant α ∈ R. If
div3Rm±(∇f) = 0, then (M4, g, f) is a finite quotient of R4.
Proof. It follows from (8.3) that
0 ≤
∫
|divRm±|2eαf ≤ −
∫
div3Rm±(∇f)eαf = 0,
i.e. ∫
|divRm±|2eαf = 0.
It follows that divRm± = 0 a. e. onM4. Since any gradient steady Ricci soliton
is analytic in harmonic coordinates, we have divRm± ≡ 0. From (3.7), we know
that ∇R ≡ 0 on M4, i.e. R is constant on M4.
Since 0 = ∆fR = −2|Ric|
2, (Mn, g, f) has vanishing Ricci curvature. By the
second Bianchi identity, we have
∇lRijkl = ∇jRik −∇iRjk = 0, (9.1)
i.e. divRm = 0 on Mn, which implies M4 is radially flat and has constant scalar
curvature. By Lemma 2.8, we have (M4, g, f) is rigid. Note that (M4, g, f) is
non-trivial, we conclude that (M4, g, f) is a finite quotient of R4. 
Theorem 9.2. Let (M4, g, f) be non-trivial complete non-compact a four-dimensional
gradient steady Ricci soliton with
∫
|Rm|2eαf < +∞ for some constant α ∈ R. If
div3W±(∇f) = 0, then (M4, g, f) is a finite quotient of R4.
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Proof. From the proof of Theorem 9.1, we only need to show that R is a constant
on M4.
Integrating (4.1), we have
0 =
∫
div3W±(∇f)eαf
=
∫
div3Rm±(∇f)eαf +
1
48
∫
|∇R|2eαf
= −2
∫
|divRm±|2eαf +
1
48
∫
|∇R|2eαf , (9.2)
where we used Lemma 3.11 in the second equality and Lemma 8.3 in the last.
Applying Proposition 3.5 to (9.2), we obtain that
1
48
∫
|∇R|2eαf ≤
∫
|divRm±|2eαf =
1
96
∫
|∇R|2eαf ,
i.e. ∫
|∇R|2eαf = 0.
It follows that ∇R = 0 a. e. on M4. Since any gradient steady Ricci soliton is
analytic in harmonic coordinates, we have ∇R ≡ 0, i.e. R is a constant on M4.
This completes the proof of Theorem 9.2. 
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